This paper considers the Risk-constrained Cash-in-Transit Vehicle Routing Problem (RCTVRP), a variant of the vehicle routing problem which takes into account risk factors of the routes. In this problem, the risk constraints are set by using a risk threshold T on each route and thus, the routes with risk larger than T are forbidden. The main idea of this paper is to use the possibility of being robbed along each route, instead of just allowing solutions with routes that satisfy the risk constraints. We develop a new fuzzy version of the RCTVRP, called FRCTVRP, which considers the value of the risk index of each route and the solutions with lower values of risk indexes on their routes are considered as better. In order to achieve that, fuzzy numbers are incorporated into the new formulation. Moreover, two mixed integer program formulations of the FRCTVRP are developed in the paper. The introduced FRCTVRP is compared with the classical RCTVRP from the literature on an adequate example and the advantage of the newly proposed FRCTVRP is demonstrated. Computational experiments are performed and the comparison given in the paper shows that our approach leads to safer routes.
Introduction
The vehicle routing problems (VRPs) have a considerably wide range of applications, especially in the fields of physical distribution and logistics, and as a result have been attracting many researchers. VRPs are considered as one of the major classes of combinatorial optimization problems and can be described as the problems of designing optimal delivery or collection routes from one or several depots to a number of customers, subject to some additional constraints depending on the application. There exists a wide variety of VRPs and a broad literature on this class of problems, such as the vehicle routing problem with time windows [1, 6] and multi-depot vehicle routing problems [5] . Classical VRP can be seen as a generalization of the travelling salesman problem (TSP) which is one of the most widely studied combinatorial optimization problems [2, 16] . A literature review regarding VRPs can be found in [11] , while more insights on the latest advances and challenges on VRPs are available in [9] .
The Risk-constrained Cash-in-Transit Vehicle Routing Problem (RCTVRP), first introduced in [19] , represents a special case of the vehicle routing problem. In addition to the classical aim to minimize the travel time or cost, this problem also takes into account the safety aspects of the routes. Reducing the threat of a robbery is an important issue for transportation companies that work in the cash-in-transit sector. One of the important areas to work on is creating routes thoughtfully in order to increase safety. In the literature, there are some ideas about creating routes that are not easy to predict, specifically the so-called m-peripatetic vehicle routing problem [17] . In this problem, customers are visited more than once, but the same road between two customers can not be used twice.
However, in addition to meeting safety requirements, routing plans in the cash-in-transit sector should be efficient in the sense of travel time/cost. The RCT-VRP, developed in [19] , considers limiting the exposure of the valuable goods to risk during transportation, while minimizing the overall time/cost of travel along all the routes. In the RCTVRP, they introduce the criteria that the total risk on each route cannot exceed a constant called the risk threshold. The same problem is considered in [20] , where Talarico et al. proposed a large neighbourhood metaheuristic for solving the RCTVRP.
Motivation for Fuzzy Models
It is well known that real problems often contain some degree of uncertainty. It is not rare that the explanation of some real problems contain linguistic vagueness perfectly understandable to human beings. Despite the comprehensiveness of the linguistic explanation of the problem, these problems remain challenging to be precisely formulated by using classical mathematical approaches.
The following two examples are considered comprehensive within natural language: ''distance is about 5 kilometers'' and ''daily profit is between 10 and 20 thousand''. While creating a model where these values have to be represented as real numbers, one would probably write values 5 km and 15000. However, the optimal solution obtained on the model generated with these strict values might be significantly different from the optimal solution of the original problem where the proper values are 5.02 km and 12359.
Zadeh, the originator of fuzzy logic, proposed the idea of applying natural language terms in the realm of fuzzy logic [23] . Since then, many real problems have been formulated by using fuzzy concepts. Fuzzy logic has been successfully applied in various fields, from addressing uncertainties when reducing the size of a text [12] to modeling various optimization problems [7] .
When creating a mathematical formulation of a problem, different constraints are often introduced. For example, in VRPs, each customer should be visited exactly once. However, not everything can be described using binary sets. The classifications of customers into visited and not visited is easy, but it is challenging to classify the route as being safe or not safe. The set of safe routes is far more difficult to define, because there is no distinct cut-off point at which routes stop being safe. Even measuring the risks of the routes more precisely would not solve this issue completely. However, if a risk degree is added to each route, then the routes can be ranked based on their safety degree. Fuzzy sets are ideal to model this degree.
Commonly in the literature, fuzzy sets theory has been used in order to deal with imprecise observed data or parameters. There is a whole area in operation research, called fuzzy linear programming (FLP) and Information Technology and Control 2018/2/47 some of the most common models and procedures for solving FLP problems were presented and analyzed in [8] . In addition, integer linear programming problems in fuzzy environment have been studied. Three models based on fuzzy number ranking methods were presented in [13] . However, in this paper, we construct a variation of the RCTVRP by using a fuzzy set theory and then provide its mixed integer programming formulation enabling it to be solved by the same techniques as performed on the non-fuzzy version of the problem.
A Review of the Literature Related to Fuzzy VRP Models
In order to model various variants of VRPs, fuzzy logic has been used in the literature as an interesting approach to deal with the challenge of constructing more realistic mathematical models for real world problems. Many papers consider the VRPs with fuzzy demands where the situation when the demands at nodes are uncertain. Teodorović and Pavković [22] changed classical VRP by using a triangular fuzzy number to represent a demand at a node, since they assumed that the quantities to be collected at the node are only approximately known. In a similar way, fuzzy demands are combined with a version of VRP, where a vehicle is not required to return to the distribution depot after servicing the last customer on its route, the open vehicle routing problem (OVRP). The OVRP is considered in [4] , where a fuzzy chance-constrained program model is designed based on fuzzy credibility theory. Additionally, in [15] , fuzzy demands for a variant of VRP are considered and a case study on a garbage collection system is performed.
Moreover, VRPs with fuzzy time windows are considered in [21] . Since time windows are not always strictly obeyed, Tang et al. [21] applied fuzzy membership functions to characterize the service level issues associated with time window violation in a vehicle routing problem and proposed a problem formulated as a multi-objective model with two goals: to minimize the travel distance and to maximize the service level of the supplier to customers. The other paper [10] considers a multi-objective dynamic vehicle routing problem with fuzzy time windows (DVRP-FTW), where a set of real time requests arrives randomly over time. Since vehicles are routed according to customer-specific time windows, which are highly relevant to the customers' satisfaction level, Ghannadpour et al. [10] represented this preference information of customers as a fuzzy number with respect to the satisfaction for a service time. Moreover, Brito et al. [3] studied the close-open vehicle routing problem, which is a variant of VRP, where there is no requirement that all the vehicles have to return to the depot after completing their service. In that paper, the capacity and time windows constraints are considered flexible and modeled as fuzzy constraints, since customer demands and travel times in real world situations are imprecise.
Until now, there is no published work yet that applies fuzzy theory to model the RCTVRP.
Contributions
The main contribution of this paper is a new fuzzy variant of the RCTVRP for more adequate modeling of safe routes. Note that, in the model from [19] , the risk constraints are satisfied if for each route the global risk index is not larger than a predefined threshold T, which is an input data. However, these constraints do not take into account how much smaller than T the risk indexes are. The focus of this paper is how to use the imprecision (fuzziness) in order to create a model that is more accurate in terms of the risk threshold constraints. The idea is that each risk constraint can be satisfied to a certain degree, i.e. we differentiate if the global risk is "much smaller" than T or if it is near the threshold T in order to be able to prefer the safer routes. In the paper, this approach was shown to be beneficial in producing routes with a lower possibility of being robbed. In order to represent risk constraints in a more realistic way, we propose fuzzy numbers based on the threshold constant T and the risk indexes of the routes and incorporate them into the objective function. Note that previously listed literature on fuzzy VRPs have dealt with fuzzification of some of the uncertain input data (e.g. distances, demands and time windows), while we use a fuzzy number to model the risk factor conditions in a better way. Moreover, two mixed integer program formulations of the newly proposed fuzzy RCTVRP are developed in the paper. To present the advantage of our approach, the new fuzzy model is compared to the model from the literature [19] on an example. Furthermore, a comparison is performed on appropriate data sets and the computational results are presented. The
Definitions and Preliminaries
This section contains some of the main definitions from fuzzy set theory, mainly taken from [24] . More on this topic can also be found in [14] . Let X be a collection of objects, with a generic element of set X denoted x.
Definition 1. [Fuzzy set]
A fuzzy set A ̃ is a set of ordered pairs Ã = {(x, μ Ã( x))|x∈ X}. In the pair (x, μ Ã (x)), the first element x belongs to the classical set X, the second element μ Ã is called the membership function or grade function of x in Ã that maps X to the membership space M.
Usually, the interval [0, 1] is used as M. Note that in the case when M contains only the two points 0 and 1, Ã is a classical set and μ Ã is identical to the characteristic function of a classical set. The range of the membership function is a subset of the nonnegative real numbers whose supremum is finite. Elements with a zero degree of membership are normally not listed.
The membership function fully defines the fuzzy set.
A membership function provides a measure of the degree of similarity of an element to a fuzzy set, which allows many applications. Membership functions can take any form, but there are some common examples that appear in real applications due to their suitability for representing uncertain information.
Definition 2. The support of a fuzzy set A, S(A)
, is the crisp set of all x∈ X such that μ Ã (x)>0.
Definition 3.
A fuzzy set Ã is normal if there is at least one point x ∈ ℝ with μ Ã (x)=1. A fuzzy number is a generalization of a regular, real number in the sense that it does not refer to one single value but rather to a connected set of possible values, where each possible value has its own weight between 0 and 1. This weight is called the membership function. There are various possibilities. In this paper, we use the left shoulder fuzzy number presented in Figure 1 , and its membership function can be represented as more accurate in terms of the risk threshold constraints. The idea is that each risk constraint can be satisfied to a certain degree, i.e. we differentiate if the global risk is "much smaller" than T or if it is near the threshold T in order to be able to prefer the safer routes. In the paper, this approach was shown to be beneficial in producing routes with a lower possibility of being robbed.
In order to represent risk constraints in a more realistic way, we propose fuzzy numbers based on the threshold constant and the risk indexes of the routes and incorporate them into the objective function. Note that previously listed literature on fuzzy VRPs have dealt with fuzzification of some of the uncertain input data (e.g. distances, demands and time windows), while we use a fuzzy number to model the risk factor conditions in a better way.
Moreover, two mixed integer program formulations of the newly proposed fuzzy RCTVRP are developed in the paper. To present the advantage of our approach, the new fuzzy model is compared to the model from the literature [19] on an example. Furthermore, a comparison is performed on appropriate data sets and the computational results are presented. The obtained solutions showed that our fuzzy version of the problem leads to better solutions in terms of safety and is thus better suited for real-life situations in cash-in-transit sector.
Definitions and Preliminaries
This section contains some of the main definitions from fuzzy set theory, mainly taken from [24] . More on this topic can also be found in [14] . Let be a collection of objects, with a generic element of set denoted .
Definition 1. [Fuzzy set]
A fuzzy set̃is a set of ordered pairs̃ = �� , � ( )�� ∈ } . In the pair ( , �( )), the first element belongs to the classical set , the second element � is called the membership function or grade function of in ̃t hat maps to the membership space .
Usually, the interval [0,1] is used as . Note that in the case when contains only the two points 0 and 1,̃is
A fuzzy number is a generalization of a regular, real number in the sense that it does not refer to one single value but rather to a connected set of possible values, where each possible value has its own weight between 0 and 1. This weight is called the membership function. There are various possibilities. In this paper, we use the left shoulder fuzzy number presented in Figure 1 , and its membership function can be represented as
The left shoulder fuzzy number has an increasing piecewise linear membership function that connects the points (−∞, 0) , ( , 0) , ( , 1) and (∞, 1)
The Description and Mathematical

Formulation of the RCTVRP
The RCTVRP is stated as follows: a depot and a set Figure 1 The left shoulder fuzzy number has an increasing piecewise linear membership function that connects the points (-∞, 0), (c, 0), (d, 1) and (∞,1) variant of the RCTVRP for more adequate modeling of safe routes. Note that, in the model from [19] , the risk constraints are satisfied if for each route the global risk index is not larger than a predefined threshold T, which is an input data. However, these constraints do not take into account how much smaller than T the risk indexes are. The focus of this paper is how to use the imprecision (fuzziness) in order to create a model that is more accurate in terms of the risk threshold constraints. The idea is that each risk constraint can be satisfied to a certain degree, i.e. we differentiate if the global risk is "much smaller" than T or if it is near the threshold T in order to be able to prefer the safer routes. In the paper, this approach was shown to be beneficial in producing routes with a lower possibility of being robbed.
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Information Technology and Control 2018/2/47 ing manner: here and subsequently, R j r stands for the risk level along the route r for the vehicle before arriving at node j, while p ij denotes the probability that a robbery happens on the arc (i, j).
As presented in [19] , since a robbery might happen along the arc (i, j), if the vehicle moves from node i to node j along the route r, the risk on the route r along the arc (i, j) can be calculated as
In the previous formula, ν ij represents the vulnerability, i.e. a measure that the robbery succeeds given it occurs and D i r stands for the value of goods inside of the vehicle after the visit of node i along the route r. Note that in some applications, the adequate values for p ij and ν ij are not known. Thus, p ij can be replaced with the distance c ij between nodes i and j, while ν ij can be set to 1. For simplicity, this is assumed in the rest of the paper. Moreover, since the probability a robbery occurs more than once along the same route is small, it can be assumed for the sake of simplicity that the robbery cannot happen twice or more along the same route. More details on measuring the risk along the route can be found in [19] .
Finally, since each vehicle starts empty from the depot, collects cash along the route and delivers it only to the depot at the end of route, D 0 r = 0 and the amount of money increases along the route. The risk index also increases along the route and can be calculated for each node j where the vehicle arrives from the node i along the route r by using the following recursive formula ustomer should be visited once and only once by exactly ne vehicle and the demand of each customer must be ompletely collected by a single vehicle. Each vehicle eaves the depot empty, visits the customers along the oute, collects the goods and finally drops the collected oods off at the same depot. The exposure of the goods to isks (e.g. robberies) should be limited.
.1. Measuring the Risk Along the Route
afety aspects in transportation have been studied in the iterature from different perspectives. In order to create a athematical model for the desired problem, numerical alues for the risk levels along the roads would be elpful. The notation is given in the following manner: ere and subsequently, stands for the risk level along he route for the vehicle before arriving at node , while denotes the probability that a robbery happens on the rc ( , ). s presented in [19] , since a robbery might happen along he arc ( , ), if the vehicle moves from node to node long the route , the risk on the route along the arc , ) can be calculated as = ⋅ ⋅ . In the revious formula, represents the vulnerability, i.e. a easure that the robbery succeeds given it occurs and tands for the value of goods inside of the vehicle after he visit of node along the route . Note that in some pplications, the adequate values for and are not nown. Thus, can be replaced with the distance between nodes and , while can be set to 1. For implicity, this is assumed in the rest of the paper.
oreover, since the probability a robbery occurs more han once along the same route is small, it can be assumed or the sake of simplicity that the robbery cannot happen wice or more along the same route. More details on easuring the risk along the route can be found in [19] .
inally, since each vehicle starts empty from the depot, ollects cash along the route and delivers it only to the epot at the end of route, 0 = 0 and the amount of oney increases along the route. The risk index also ncreases along the route and can be calculated for each ode where the vehicle arrives from the node along the oute by using the following recursive formula = + ⋅ .
ote that 0 = 0 i.e. starting from depot 0 the risk index s equal to zero.
.2. Mathematical Formulation
n this paper, we start from a mixed-integer formulation f the RCTVRP introduced in [19] . et = {1,2, … , } be the set of customers that should e visited. The amount of cash that should be collected rom the ∈ is denoted by . In the model, the depot s, for simplicity's sake, represented with two nodes start) and (end), with zero demands ( = = 0).
hus, the problem is defined on a directed graph = ( , ), where = ∪ { , } and = ( × ) ∪ { } × ) ∪ ( × { }). Each arc ( , ) ∈ has its own onstant that represents distance or travel time equal to zero. Along the route, both the amount of cash and the risk index increase and the mixed integer formulation from [19] contains two adequate families of decision variables. In what follows, stands for the amount of cash carried by the vehicle when it leaves node along the route , while represents the risk index for the vehicle when it arrives at node along the route . In this RCTVRP formulation, each cumulative measure (i.e. and ) is a part of a constraint and is not taken into account in the objective function.
The binary decision variable is defined as:
∈ is traversed by the vehicle along route 0, otherwise.
,
In the RCTVRP formulation from [19] , the objective function is the total travel length/costs along all the routes. The goal is to determine the routes (as well as the number of routes) so that the objective function is minimized. Note that the number of routes cannot be larger than (the worst case is when each customer is visited by a different vehicle). Thus, the set is used for the indexes of routes.
Using the notation mentioned above, the problem can be written as:
subject to:
= 0, ∀ ∈ ,
Note that 0 = 0 i.e. starting from depot 0 the risk index is equal to zero.
Mathematical Formulation
In this paper, we start from a mixed-integer formulation of the RCTVRP introduced in [19] .
Let N = {1, 2,… ,n} be the set of customers that should be visited. The amount of cash that should be collected from the i∈N is denoted by d i . In the model, the depot is, for simplicity's sake, represented with two nodes s (start) and e (end), with zero demands (d s = d e = 0).
Thus, the problem is defined on a directed graph G = (V, A), where V=N ∪ {s, e} and 
Measuring the Risk Along the Route
Safety aspects in transportation have been studied in the literature from different perspectives. In order to create a mathematical model for the desired problem, numerical values for the risk levels along the roads would be helpful. The notation is given in the following manner: here and subsequently, stands for the risk level along the route for the vehicle before arriving at node , while denotes the probability that a robbery happens on the arc ( , ).
As presented in [19] , since a robbery might happen along the arc ( , ), if the vehicle moves from node to node along the route , the risk on the route along the arc ( , ) can be calculated as = ⋅ ⋅ . In the previous formula, represents the vulnerability, i.e. a measure that the robbery succeeds given it occurs and stands for the value of goods inside of the vehicle after the visit of node along the route . Note that in some applications, the adequate values for and are not known. Thus, can be replaced with the distance between nodes and , while can be set to 1. For simplicity, this is assumed in the rest of the paper. Moreover, since the probability a robbery occurs more than once along the same route is small, it can be assumed for the sake of simplicity that the robbery cannot happen twice or more along the same route. More details on measuring the risk along the route can be found in [19] .
Finally, since each vehicle starts empty from the depot, collects cash along the route and delivers it only to the depot at the end of route, 0 = 0 and the amount of money increases along the route. The risk index also increases along the route and can be calculated for each node where the vehicle arrives from the node along the route by using the following recursive formula = + ⋅ .
Mathematical Formulation
In this paper, we start from a mixed-integer formulation of the RCTVRP introduced in [19] . Let = {1,2, … , } be the set of customers that should be visited. The amount of cash that should be collected from the ∈ is denoted by . In the model, the depot is, for simplicity's sake, represented with two nodes (start) and (end), with zero demands ( = = 0).
Thus, the problem is defined on a directed graph = between nodes and . Each vehicle starts from without any cash loaded and thus has a risk index equal to zero. Along the route, both the amount of cash and the risk index increase and the mixed integer formulation from [19] contains two adequate families of decision variables. In what follows, stands for the amount of cash carried by the vehicle when it leaves node along the route , while represents the risk index for the vehicle when it arrives at node along the route . In this RCTVRP formulation, each cumulative measure (i.e. and ) is a part of a constraint and is not taken into account in the objective function.
,
(1) subject to:
In the RCTVRP formulation from [19] , the objective function is the total travel length/costs along all the routes. The goal is to determine the routes (as well as the number of routes) so that the objective function is minimized. Note that the number of routes cannot be larger than n (the worst case is when each customer is visited by a different vehicle). Thus, the set N is used for the indexes of routes.
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be the set of customers that should ited. The amount of cash that should be collected the is denoted by � . In the model, the depot r simplicity's sake, represented with two nodes and (end), with zero demands ( = = 0). In the RCTVRP formulation from [19] , the objective function is the total travel length/costs along all the routes. The goal is to determine the routes (as well as the number of routes) so that the objective function is minimized. Note that the number of routes cannot be larger than (the worst case is when each customer is visited by a different vehicle). Thus, the set is used for the indexes of routes.
Mathematical
Formulation of the RCTVRP
The RCTVRP is stated as follows: a depot and a set of customers (e.g. supermarkets, shopping centers, clothes shops, jewelry stores) with their demands are given. Each customer should be visited once and only once by exactly one vehicle and the demand of each customer must be completely collected by a single vehicle. Each vehicle leaves the depot empty, visits the customers along the route, collects the goods and finally drops the collected goods off at the same depot. The exposure of the goods to risks (e.g. robberies) should be limited.
Measuring the Risk Along the Route
Safety aspects in transportation have been studied in the literature from different perspectives. In order to create a mathematical model for the desired problem, numerical values for the risk levels along the roads would be helpful. The notation is given in the following manner: here and subsequently, � � stands for the risk level along the route for the vehicle before arriving at node , while �� denotes the probability that a robbery happens on the arc ( .
As presented in [19] , since a robbery might happen along the arc ( , if the vehicle moves from node to node along the route , the risk on the route along the arc ( can be calculated as �� � = �� ⋅ �� ⋅ � � . In the previous formula, �� represents the vulnerability, i.e. a measure that the robbery succeeds given it occurs and � � stands for the value of goods inside of the vehicle after the visit of node along the route . Note that in some applications, the adequate values for �� and �� are not known. Thus, �� can be replaced with the distance �� between nodes and , while �� can be set to 1. For simplicity, this is assumed in the rest of the paper. Moreover, since the probability a robbery occurs more than once along the same route is small, it can be assumed for the sake of simplicity that the robbery cannot happen twice or more along the same route. More details on measuring the risk along the route can be found in [19] .
Finally, since each vehicle starts empty from the depot, collects cash along the route and delivers it only to the depot at the end of route, � � = 0 and the amount of money increases along the route. The risk index also increases along the route and can be calculated for each node where the vehicle arrives from the node along the route by using the following recursive formula
Note that � � = 0 i.e. starting from depot 0 the risk index is equal to zero.
Mathematical Formulation
be the set of customers that should be visited. In the RCTVRP formulation from [19] , the objective function is the total travel length/costs along all the routes. The goal is to determine the routes (as well as the number of routes) so that the objective function is minimized. Note that the number of routes cannot be larger than (the worst case is when each customer is visited by a different vehicle). Thus, the set is used for the indexes of routes.
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be the set of customers that should visited. The amount of cash that should be collected Thus, the problem is defined on a directed graph = ( where = and = ( ( ( . Each arc ( has its own constant �� that represents distance or travel time between nodes and . Each vehicle starts from without any cash loaded and thus has a risk index equal to zero. Along the route, both the amount of cash and the risk index increase and the mixed integer formulation from [19] contains two adequate families of decision variables. In what follows, � � stands for the amount of cash carried by the vehicle when it leaves node along the route , while � � represents the risk index for the vehicle when it arrives at node along the route . In this RCTVRP formulation, each cumulative measure (i.e. � � and � � ) is a part of a constraint and is not taken into account in the objective function.
The binary decision variable �� � is defined as:
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be the set of customers that should Thus, the problem is defined on a directed graph = ( where = and = ( ( ( . Each arc ( has its own constant �� that represents distance or travel time between nodes and . Each vehicle starts from without any cash loaded and thus has a risk index equal to zero. Along the route, both the amount of cash and the risk index increase and the mixed integer formulation from [19] contains two adequate families of decision variables. In what follows, � � stands for the amount of cash carried by the vehicle when it leaves node along the route , while � � represents the risk index for the vehicle when it arrives at node along the route . In this RCTVRP formulation, each cumulative measure (i.e. � � and � � ) is a part of a constraint and is not taken into account in the objective function.
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(1 subject to: The summarized length of all arcs traversed along any of the routes should be minimized (see the objective function (1). Due to the conditions (2) each route starts and ends at the depot. Condition (3) imposes that the first route (indexed with ) exists and starts from the depot. The route + does not exist if does not exist, due to the constraints (4). Thus, the routes are numerated consecutively. Each customer must be visited exactly once, according to the constraints (5). In each route , the vehicle exits the customer if and only if it has enter the customer along the route , due to the constraints (6). The constraints (7)- (9) and impose that the global risk of each route cannot be larger than , where � is a sufficiently large number ( � M � ⋅ T ⋅ maxDistance, where �,�∈� �� ).Note that constant � (used in [19] ) is not enough, since it leads to disallowance of some of the feasible solutions. In fact, in the case of �� � 0, the right hand side of equation (11) can be nonnegative and lead to falsely not satisfying one of the threshold conditions (12) .
Note that subroutes are avoided, since � � and � � are increasing along each route . Moreover, if the real data regarding the probability of a robbery on the arc ( , ) is available, in the conditions (11) �� can be replaced with �� .
A Fuzzy Version of the RCTVRP
In this section, we introduce a new fuzzy version of the RCTVRP, named FRCTVRP, which allows us to more precisely distinguish high-quality solutions. We follow the same notation as above and aim to keep the model as similar as possible to the presented model from [19] . A new form of the objective function is introduced and the safe the routes are. In order to ensure that each calculated risk index has an adequate influence in a newly proposed version of the problem, the following objective function is introduced:
Function that is added as a part of the objective function is defined as:
where function is the membership function of the left shoulder fuzzy number represented in Figure 2 .
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This type of membership function is chosen to represent the property ''the smaller is better'' that we aimed to incorporate into the objective function. In essence, the objective function is changed so that the lengths of arcs within ''risky'' routes are increased by multiplying by a factor between 1 and 2. Thus, by minimizing the objective function among the routes with the same lengths safer routes are prioritized.
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This type of membership function is chosen to represent the property ''the smaller is better'' that we aimed to incorporate into the objective function. In essence, the objective function is changed so that the lengths of arcs within ''risky'' routes are are variables of the optimization problem.
The summarized length of all arcs traversed along any of the routes should be minimized (see the objective function (1). Due to the conditions (2) each route starts and ends at the depot. Condition (3) imposes that the first route (indexed with r =1) exists and starts from the depot. The route r + 1 does not exist if r does not exist, due to the constraints (4). Thus, the routes are numerated consecutively. Each customer must be visited exactly once, according to the constraints (5). In each route r, the vehicle exits the customer j if and only if it has enter the customer j along the route r, due to the constraints (6). The constraints (7)- (9) set the adequate values for the variables The summarized length of all arcs traversed along any of the routes should be minimized (see the objective function (1). Due to the conditions (2) each route starts and ends at the depot. Condition (3) imposes that the first route (indexed with ) exists and starts from the depot. The route + does not exist if does not exist, due to the constraints (4). Thus, the routes are numerated consecutively. Each customer must be visited exactly once, according to the constraints (5). In each route , the vehicle exits the customer if and only if it has enter the customer along the route , due to the constraints (6). The constraints (7)- (9) Function that is added as a par function is defined as:
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A Fuzzy Version of the RCT
In this section, we introduce a new fuzzy RCTVRP, named FRCTVRP, which allow precisely distinguish high-quality solution the same notation as above and aim to keep similar as possible to the presented model new form of the objective function is intro adequate fuzzy number is included in ord new promising fuzzy model.
In the previously described RCTVRP, the c of each route lower than the risk threshold into further consideration. That approach s the problem description where the risk cann value T. However, what is implied within t of the risk indexes is that the lower the ris safer the route is. The set of safe ro appropriately represented by using fuzzy s classic crisp sets. Furthermore, one incorporating this fact into the model is to the objective function. Since the RC minimization problem, instead of just m overall travel distance, a new measure fo The summarized length of all arcs traverse the routes should be minimized (see function (1) . Due to the conditions (2) ea and ends at the depot. Condition (3) impose route (indexed with ) exists and st depot. The route + does not exist if d due to the constraints (4). Thus, the routes consecutively. Each customer must be v once, according to the constraints (5). In ea vehicle exits the customer if and only if i customer along the route , due to the c The constraints (7)- (9) Note that subroutes are avoided, since increasing along each route . Moreover, i regarding the probability of a robbery on available, in the conditions (11) �� can be �� .
A Fuzzy Version of the RC
In the previously described RCTVRP, the of each route lower than the risk threshold into further consideration. That approach s the problem description where the risk can value T. However, what is implied within t of the risk indexes is that the lower the ris safer the route is. The set of safe r appropriately represented by using fuzzy s classic crisp sets. Furthermore, one incorporating this fact into the model is to the objective function. Since the RC minimization problem, instead of just m overall travel distance, a new measure fo quality should include both distances and are increasing along each route r. Moreover, if the real data regarding the probability of a robbery on the arc (i, j) is available, in the conditions (11) c ij can be replaced with p ij .
A Fuzzy Version of the RCTVRP
In this section, we introduce a new fuzzy version of the RCTVRP, named FRCTVRP, which allows us to more precisely distinguish high-quality solutions. We follow the same notation as above and aim to keep the model as similar as possible to the presented model from [19] . A new form of the objective function is introduced and the adequate fuzzy number is included in order to create a new promising fuzzy model.
In the previously described RCTVRP, the calculated risk of each route lower than the risk threshold is not taken into further consideration. That approach simply follows the problem description where the risk cannot exceed the value . However, what is implied within the description of the risk indexes is that the lower the risk index is the safer the route is. The set of safe routes can be appropriately represented by using fuzzy sets instead of classic crisp sets. Furthermore, one approach to incorporating this fact into the model is to include it into the objective function. Since the RCTVRP is a minimization problem, instead of just minimizing the overall travel distance, a new measure for the solution quality should include both distances and the level how safe the routes are. In order to ensure that each calculated risk index has an adequate influence in a newly proposed version of the problem, the following objective function is introduced: he summarized length of all arcs traversed along any of e routes should be minimized (see the objective unction (1). Due to the conditions (2) each route starts nd ends at the depot. Condition (3) imposes that the first oute (indexed with ) exists and starts from the epot. The route + does not exist if does not exist, ue to the constraints (4). Thus, the routes are numerated onsecutively. Each customer must be visited exactly nce, according to the constraints (5). In each route , the ehicle exits the customer if and only if it has enter the ustomer along the route , due to the constraints (6). he constraints (7)- (9) and impose that the global risk of each oute cannot be larger than , where � is a sufficiently safe the routes are. In order to ensure that each calculated risk index has an adequate influence in a newly proposed version of the problem, the following objective function is introduced:
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Left shoulder fuzzy number For the purpose of this paper, the parameter ( < ) is chosen to be = max i∈N c ie d i , since it seems fair to consider all routes with a single customer to be routes with minimal risk, i.e. the routes with the lowest value of the function . Routes with the risk index that exceeds the risk threshold value are still forbidden. Function maps the risk indexes of routes to numbers from the interval [0,1].
Note that other increasing functions could be tested as well and thus the presented model can be changed depending on the application. For example, it is possible to make a version where we differentiate the risk indexes only among the routes with the same travel distances. However, in this paper, we use the presented objective function since the aim is the compromise between overall travel distance and risk indexes, in the sense that it is acceptable to make a route a bit longer if it is a lot safer. Moreover, the choice of this increasing function is proved to be convenient for formulating the MIP models provided in this paper.
In order to formulate the FRCTVRP as a mixed integer program (MIP), new variables are introduced into the model. Note that each variable corresponds to the previously introduced value ( ). The FRCTVRP formulation is as follows:
, since it seems fair to consider all routes with a single customer to be routes with minimal risk, i.e. the routes with the lowest value of the function F. Routes with the risk index that exceeds the risk threshold value T are still forbidden. This type of membership function is chosen to represent the property ''the smaller is better'' that we aimed to incorporate into the objective function. In essence, the objective function is changed so that the lengths of arcs within ''risky'' routes are increased by multiplying by a factor between 1 and 2. Thus, by minimizing the objective function among the routes with the same lengths safer routes are prioritized.
In order to formulate the FRCTVRP as a mixed integer program (MIP), new variables FR j r are introduced into the model. Note that each variable FR j r corresponds to the previously introduced value F(R j r ). The FRCTVRP formulation is as follows: (15) ubject to:
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Note that other increasing functions could be tested as well and thus the presented model can be changed depending on the application. For example, it is possible to make a version where we differentiate the risk indexes only among the routes with the same travel distances. However, in this paper, we use the presented objective function since the aim is the compromise between overall travel distance and risk indexes, in the sense that it is acceptable to make a route a bit longer if it is a lot safer. Moreover, the choice of this increasing function is proved to be convenient for formulating the MIP models provided in this paper. subject to: (15) subject to: 
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Since the number of these the number of constraints better to replace constraints constraints (43) and (44) constraints (43) and (44) This transformation is suggestion given in [18] . However, in this formulation, the number of variables and constraints increased, which is among main factors that increase the computational complexity of the problem. However, in this formulation, the number of variables and constraints increased, which is among main factors that increase the computational complexity of the problem. However, in this formulation, the number of variables and constraints increased, which is among main factors that increase the computational complexity of the problem. However, in this formulation, the number of variables and constraints increased, which is among main factors that increase the computational complexity of the problem. Since the number of th the number of constra better to replace constr constraints (43) and constraints (43) and ( and (28) the following
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subject to: However, in this formulation, the number of variables and constraints increased, which is among main factors that increase the computational complexity of the problem. However, in this formulation, the number of variables and constraints increased, which is among main factors that increase the computational complexity of the problem. However, in this formulation, the number of variables and constraints increased, which is among main factors that increase the computational complexity of the problem. However, in this formulation, the number of variables and constraints increased, which is among main factors that increase the computational complexity of the problem. The summarized length of all arcs traversed along any of the routes should be minimized (see the objective function (1) . Due to the conditions (2) each route starts and ends at the depot. Condition (3) imposes that the first route (indexed with ) exists and starts from the depot. The route + does not exist if does not exist, due to the constraints (4). Thus, the routes are numerated consecutively. Each customer must be visited exactly once, according to the constraints (5). In each route , the vehicle exits the customer if and only if it has enter the customer along the route , due to the constraints (6). The constraints (7)- (9) [19] ) is not enough, since it leads to disallowance of some of the feasible solutions. In fact, in the case of �� � 0, the right hand side of equation (11) can be nonnegative and lead to falsely not satisfying one of the threshold conditions (12) .
A Fuzzy Version of the RCTVRP
In the previously described RCTVRP, the calculated risk of each route lower than the risk threshold T is not taken into further consideration. That approach simply follows The summarized length of all arcs traversed along any of the routes should be minimized (see the objective function (1) . Due to the conditions (2) each route starts and ends at the depot. Condition (3) imposes that the first route (indexed with ) exists and starts from the depot. The route + does not exist if does not exist, due to the constraints (4). Thus, the routes are numerated consecutively. Each customer must be visited exactly once, according to the constraints (5). In each route , the vehicle exits the customer if and only if it has enter the customer along the route , due to the constraints (6). The constraints (7)- (9) [19] ) is not enough, since it leads to disallowance of some of the feasible solutions. In fact, in the case of �� � 0, the right hand side of equation (11) can be nonnegative and lead to falsely not satisfying one of the threshold conditions (12) .
In the previously described RCTVRP, the calculated risk of each route lower than the risk threshold T is not taken into further consideration. That approach simply follows the problem description where the risk cannot exceed the value T. However, what is implied within the description of the risk indexes is that the lower the risk index is the Note that the previous two formulations (15)- (29) and (30)- (42) have equivalent solutions. In the rest of the paper, when comparing the solutions of the classical RCTVRP from [19] with the proposed fuzzy version, the formulation (15)- (29) is used and denoted with the FRCTVRP.
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Firstly, the RCTVRP model is considered. It is easy to calculate that it is not possible to visit all three customers within one route, due to risk constraint. The solution with three routes (each customer is visited by its own vehicle) is feasible, but the objective function reaches its maximal possible value. Thus, we present more detailed calculations for the other three feasible solutions (all three with two routes each).
Solution 1:
Route (r = 1): 0→2→1→0 7 example is considered in both models, RCTVRP and FRCTVRP.
Figure 3
An example with an undirected graph with weighted edges representing the distance between nodes. Three customers denoted by numbers 1, 2 and 3 depicted as blue nodes, with their demands written in green. Depot is the node 0.
Solution 1:
• Route (r = 1):
• Route ( = 2): 0 → 3 → 0 
Solution 2:
• Route (r = 2):
Solution 3:
• • Route (r = 2):
Let us note that all three previous solutions are feasible and have the same value of the objective function:
Therefore, according to the model from [19] , all three noted above solutions have the same quality. 
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Therefore, according to the model from [19] , all three noted above solutions have the same quality. However, from the safety point of view, Solution 3 is the worst since the global risks on the two routes 
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Solution 1:
• Route ( = 2): 0 → 3 → 0 • Route (r = 1):
Therefore, according to the model from [19] , all three noted above solutions have the same quality. However, from the safety point of view, Solution 3 is the worst since the global risks on the two routes are 1 = 75 and 2 = 160. Preferably, a good model should differentiate the values of the objective function of solutions with the same total travel distance and different risk values.
Let us demonstrate the same example in combination to the newly presented model FRCTVRP. All the constraints remain the same, so we will discuss the same feasible solutions. The objective function stays the same in the case of the ''star'' solution, due to the definition of the function and the parameter . Moreover, let us calculate the values of the objective function for the three solutions. Again, all three solutions have two routes each. 
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Let us demonstrate the same example in combination to the newly presented model FRCTVRP. All the constraints remain the same, so we will discuss the same feasible solutions. The objective function stays the same in the case of the ''star'' solution, due to the definition of the function and the parameter . Moreover, let us calculate the values of the objective function for the three solutions. Again, all three solutions have two routes each. ly, the RCTVRP model is considered. It is easy to ulate that it is not possible to visit all three customers in one route, due to risk constraint. The solution with routes (each customer is visited by its own vehicle) asible, but the objective function reaches its maximal ible value. Thus, we present more detailed ulations for the other three feasible solutions (all three two routes each). • Route (r = 2): 0 → 3 → 2 → 0 Therefore, according to the model from [19] , all three noted above solutions have the same quality. However, from the safety point of view, Solution 3 is the worst since the global risks on the two routes are 1 = 75 and 2 = 160. Preferably, a good model should differentiate the values of the objective function of solutions with the same total travel distance and different risk values.
Let us demonstrate the same example in combination to the newly presented model FRCTVRP. All the constraints remain the same, so we will discuss the same feasible solutions. The objective function stays the same in the case of the ''star'' solution, due to the definition of the function and the parameter . Moreover, let us calculate the values of the objective function for the three solutions. Again, all three solutions have two routes each. Therefore, according to the model from [19] , all three noted above solutions have the same quality. However, from the safety point of view, Solution 3 is the worst since the global risks on the two routes are Our example demonstrates that the presented FRCT-VRP model leads to preferring solutions with less risky routes. When using the RCTVRP model, there are three solutions presented that have the same value of the objective function. Now, when using the FRCTVRP model, the same three solutions have three different values of the objective function. The second solution is the best, since it is slightly better than the first one. The solution number three has the largest value of the objective function among the three interesting solutions, which is expected due riskier routes used in the solution.
Note that the newly presented model FRCTVRP incorporates the possibility of a vehicle being robbed along each route, as well as keeping the good characteristic of the previous model to limit the risk on each route in a solution.
Computational Results
The example in the previous section showed how the proposed fuzzy model prefers solutions with less risky routes among the solutions with the same overall travel cost. Larger instances bring more possibilities and comparison between fuzzy and non-fuzzy version of the problem becomes more interesting. Thus, comparison tests are performed by using optimization package CPLEX 12.6. The classical RCT-VRP model from [19] is compared with the proposed FRCTVRP model (15)-(29). Both models were implemented in C# language, .NET framework, and run on an IntelCore i7-860 2.8 GHz with 8GB RAM memory under the Windows 7 Professional operating system.
Computational experiments were firstly performed on smaller instances from a data set R specially constructed for the RCTVRP and described in [19] . The data set R contains randomly generated instances for the RCTVRP. Basic instances with a different number of nodes (4, 6, and 8) are generated in such a way that coordinates are randomly selected from the interval [-20,20] . Each basic instance is combined with five different risk levels and four different values for the standard deviation of a demand vector (σ d ). The first value for the risk level is defined as RL1= max {i∈N} {d i ⋅cie}, while the others (RL1.5, RL2, RL2.5 and RL3) are generated, starting from RL1 by using an increasing multiplicative factor in steps of 0.5, up to 3. The demand associated with each node is generated in such a way that the standard deviation of the demand σ d is equal to 1, 4, 16 or 64.
CPLEX has been used to solve considered instances to optimality for both models and results are presented in Table 1 . In the first column, the instance name is given, the second column presents the objective function value of the optimal solutions for the RCTVRP model, followed by the routes of the solution (ordered list of nodes to be visited in each route are separated by ''|''), while the fourth column shows the execution time in seconds. Moreover, the last three columns contain the same values for the FRCTVRP model. For example, the fifth row shows that, for the instance ''4_1_3.0'', the optimal solution for the RCTVRP has the value of objective function equal to 286.1275 and there are two routes in that solution: the first route contains nodes 3 and 1, while the second route contains only one node: 2. The same row shows that CPLEX achieved that results within 0.2 seconds, while for the solution for the FRCTVRP it was performed in 0.09 seconds. Moreover, it can be seen in the same row that for the FRCTVRP the optimal solution has the objective function value equal to 335.2504, and although the order of routes is not the same, these two solutions are, in fact, the same. It is important to note that the objective function is not the same and thus the two models cannot be compared by using these objective values. Therefore, we compare the results according to the nodes in routes, i.e. if the lists of nodes are the same, the results obtained for the RCRVRP and the FRCRVRP are considered the same. Note that these results have the same overall travel distance. 78.31 7->6|15->14|11|12|5->4->3|8->10->9|13|20->19->18->17->16|2->1| 9723.64 Table 3 A comparison of the RCTVRP and FRCTVRP models on instances from the sets V, O and S
